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C^ ' We show how the gravity, gauge, and matter fields are 

$} , induced on dynamically localized brane world. 

m 

CNJ ' This talk is based on a work done in collaboration with A. Akabane, T. Hat- 

tori, K. Katsuura, and H. Mukaida.|lJ Here I would like to show how the gravita- 
tional, gauge and matter field theories are induced on a brane world. Recently 
idea of the brane world attracts much attention with expectation for large extra 
dimensions, or in connection with the superstring theory. g] _ [|| The idea that 

Q\ \ we live in a hyper-surfacc in a higher dimensional spacetime is very old. [pi ~~ [ IL4j 

The present author also presented a model eighteen years ago.]lO[ 

Here, we consider a three dimensional domain wall localized by the double 
well potential 



C7= -i a ( $2 -t) 



for a scalar field <I> in 4+1 dimensional spacetime, JO) where A and m are con- 
stants. The well known kink solution 

(2/) "7a 7§' () 
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X. 

H _ for this model gives rise to a flat domain wall located at the y=0 hyper-surface. 

Such a domain wall is in general curved, and it should be necessarily curved 
if we want to describe the gravitational dynamics on the brane world. We adopt 
a curvilinear coordinate system (x , X , x 2 , x 3 , y) such that the extra dimension 
coordinate y vanishes on the brane. Here we assume the whole spacetime is flat, 
for simplicity. Then, the kink solution <f>x(y) becomes an approximate solution 
for the domain wall. However, the equation of motion 

d M EG MN d N <S> = -EU'{§) (3) 

with E = dot Ekm (K, M = 0, • • • , 4) involves now the vielbein Ekm and metric 
tensor Gmn — EkmE k n for the curvilinear coordinate, and the solution should 
be distorted from the kink function &x(y) depending on the metric. Here we 
assume that the extra dimension coordinate y is taken along the straight normal 



line perpendicular to the brane at their crossing point. Then the bulk vielbein 
is given by 

E k ^ E ki \ _ ( e kfi - yb kfi \ .^ 

Ea^ E aa J \ - 1 J ' 

where e kj i is the induced vielbein on the brane, and the & M „ is the extrinsic 
curvature of the brane. The vielbein and the extrinsic curvature should obey 
the Gauss-Codazzi equation which is the embeddability condition of the brane. 
We solve the equation of motion (||) by rewriting the field $ into the form 

S(s", y) - *jc(») + x(* M , y)$k{y)', 

X{x»,y) = xoCas") + Xi(a>")l/ + • ■ • • (5) 

Then the equation of motion reduces to recursion formulae for the coefficients 
Xiix 11 ). We determine them one by one. The solution is given by 

X = by 2 /2 + (b 2 + b 2 )y 3 /6 + ---. (6) 

where b = b^ v g vtl , 62 = bp lV b prT g v( ' g a ^ and we put the arbitrary functions xo and 
Xi vanishing for simplicity. 

We consider the quantum fluctuations around this classical solution <&f, r . For 
this purpose we expand our dynamical variable $ in terms of the complete set 
{r] n } of small fluctuation modes of the kink solution $k- 

$ = $br + W/0 +<PlVl+ / PqVqdq: (7) 

where {r] n } consists of 

r/a = 1/ cosh 2 z, (z = my/V2) (8) 

771 = sinhz/ cosh 2 z, (9) 

V q = e iqz (tmh 2 z-l-q 2 - Siqtanhz. (10) 

Among them, we omit the translation zero mode 770, because it only translates 
the position of the brane, and should be considered with other configuration of 
the brane vielbein e kjl and the extrinsic curvature & M „. The dynamical degrees 
of freedom of the zero mode are transferred to those of the brane vielbein and 
the extrinsic curvature which are constrained by the Gauss-Codazzi equation. 

We substitute the expanded form (0) of the field $ back into the original 
whole-spacetime action 

S = [e (G MN d M <5>d N <$>/2 - 17(4)) d 5 x, (11) 



and rearrange the terms with respect to the dynamical variables e^, b^ v , ipi, 
and ifiq. Among the terms, those concerned with ekfj,, b^, and ipi are localized 
around the branc. This means that the fields arc trapped on the brane. So we 
perform the y integration for the trapped sector. 
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They are integrations of the known functions such as 
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Thus we finally obtain the effective action 
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They consist of the cosmological term, the mass terms of the field b^ Vl the 
kinetic and the mass terms of the field yiand the interactions among them. 
The masses and coupling constants are definitely calculated. The field ipi is 
a prototype of trapped field on the branc. If there exist bosonic or fermionic 
fields which coupled to our original field $ in the whole spacetime, their low- 
lying modes are trapped around the brane, and described by similar effective 
actions on the branc. 



A problem is, however, no kinetic terms are induced for the vielbein e^ and 
the extrinsic curvature b^ v . This is because we assumed that the whole space 
is flat for a technical simplicity. If the whole space is curved, the expression of 
the whole-space vielbein Ekm involves the derivatives of the brane vielbein e^ 
and extrinsic curvature b^, which give rise to their kinetic terms. Among them 
the Einstein gravity action is induced for the brane metric g^. This is nothing 
but the trapped graviton in its proper treatment. An outstanding feature of 
the brane world picture is that the extrinsic curvature fields become dynamical 
within the brane under the constraint of the Gauss-Codazzi equation. Anther 
effect which contributes to the kinetic terms are the quantum fluctuation of 
the trapped matters on the brane which is calculated through the quantum 
loop diagrams with internal lines of these matter fields. |1£| _ [17]] Interestingly, 
the kinetic terms due to the quantum effects can be induced even if the whole 
spacetime is flat. 

So far we assumed a specific model of a 3 brane in a 4+1 dimensions. The 
number of the extra dimension was 1. If the number is grater than 1, the 
normal connections of the brane naturally take part in the play. They are 
nothing but the gauge fields of the O(N) rotation group of the extraspace. If we 
interpret them as the physical gauge fields like photon, gluon, and weak bosons, 
interesting phcnomenological consequences may emerge, since they are severely 
constrained by the Gauss-Codazzi- Ricci equations. 

In conclusion, on the dynamically localized brane world: (i) Low lying small 
fluctuation modes are trapped with proper field theoretical effective action, (ii) 
The gravitational field efc M , the extrinsic curvature b^ , and the gauge fields 
A a ^ are induced on the brane. (iii) The masses and coupling constants are 
definitely calculated, (iv) The kinetic terms of e^, &^„, and A°^ on the brane 
are induced through quantum fluctuations of the trapped matters, and they are 
induced even if the whole spacetime is flat, (v) e/c M , b^ v , and A a ^ should obey 
the Gauss-Codazzi-Ricci equations inaddition to their individual equations of 
motion. 
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